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LINEAR DIFFERENTIAL GAMES. II.

L. S. Pontryagin
(Akademiva Nauk SSSR, Matematicheskiy Institut, Moscow, USSR).

ABSTRACT: Analysis extending some previous considerations con-
cerning the improvement of results obtained for a certain class of
games associated with a vector differential equation dz/dt =Cz +u - v
given in a space R of arbitrary dimensionality such that z.€ R (C is
a square matrix, and u and v are control parameters). The new re-
sults are formulated and improved by introducing certain operations
involving convex sets and, in particular, the operation of alternate
integration of convex sets. All sets examined are closed subsets of
the space R.

In the present article, we develop further the ideas expounded in [2] both /764%
by broadening the class of games examined and by improving the result.

Let R denote a vector space of arbitrary dimension and let
dz/dt=C3s4+u—v (1)

be a vector differential equation, where z & R. Here, C is a square matrix,
andu € P and v € Q are control parameters, where P and Q are closed
bounded convex subsets, of arbitrary dimension, of the space R. Further, let
M denote a closed convex subset, again of arbitrary dimension, of the space R.
Equation (1) and the set M define a differential game. Here, u is the pursuing
parameter, v is the fleeing parameter, and M is the set on which the game is
terminated [1].

To formulate and prove the result, we introduce certain operations on con-
vex sets, in particular, the operation of alternate integration of convex sets.
All the sets that we shall consider in what follows are closed subsets of the
space R.

A. Let A and B denote two sets and let ¢ and B8 denote two real numbers.
We denote by

a4 +$B ‘ 2)

the set of all vectors ax + By, where x & Aandy & B. Inthe case =8 =1,
formula (2) gives the algebraic sum of the sets. In the case ¢= 1, g = -1,

*Numbers in the margin indicate pagination in the foreign text.
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formula (2) gives the algebraic difference of the sets. If A and B are convex
sets, formula (2) yields convex sets.

We denote by
AsB 3)
the set of all vectors x satisfying the condition x + B @ A. The set (3) may
happen to be empty. If A is a convex set, formula (3) also defines a convex

set. Suppose that A, U, and V are convex sets. Then, as one can easily
show,

(ALU)2V=A2(U+V), 4)
(A+U)2VS(A2V)+U. (5)

B. Let A; denote a convex set and let
UI,--.,U"; Vh...,V. (6)

denote two sequences of convex sets. We define inductively the set Aj;q, for
i=0,1,...,n-1, by

 Apa = (A4 Uia) 2V (7)

It is natural to call the set Ap the alternate sum of the sequences (6) with initial
value A,. Define

U=Ui+...4Ux; V=Vi+...+Va,
Then, it follows from formulas (4) and (5) that
A,c (Ao + V)2V, (8)
C. Suppose that A = A, is a convex set and that U(7) and V(7) are two
bounded convex sets that depend continuously on a real parameter T on the in-

terval p<<t=<<gq. Let us define the alternate integral of the functions U(7) and
V(7)

B= § U (v)de 2V (r)dx). (9)
A p

Here, A is the initial set of integration, p is the initial value of 7, and q is its
final value. The integral (9) itself is a convex set. To define the integral (9),
we partition the interval of integration into small subintervals by means of

points ry =p, ry,. . ., Iy =9q. Define
C o - S
U= § U(x)ds;, V= S V(tvyde (i=1,....m). | (10)
T4 Thed
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These integrals of convex sets are defined in a natural manner on the basis
of the operation of addition (2).

Beginning with the sequences (10) and the initial set A, let us construct
the alternate sum Ap (see part B). The limit of this alternate sum as the length
of the interval P <<t = ¢ approaches zero is the integral (9). Now, suppose that
the functions U(1) and V(1) are defined on the interval p<<t<r, where r>gq,
Then, we have the inclusion relationship

Pemy

U (de2v@dic(B+ v mad) = {v@ar (11)
q q

4
[cf. (8) and (9)].

Theorem. Letus set A =-M [cf. (1)] and let us set up the alternate in-
tegral

<

wm={ 1°Pdr2eQdr (x>0 (12)
A0

Let z, denote an arbitrary point of the space R not in M. Define n(s) = e%z.\
If, for somex> 0, the point —n(s) belongs to a convex set W(t), let us denote
by 7, the smallest value of 7 for which this is true. Then the game (1), which
begins at the point z, can be terminated after a period of time not exceeding
the number

T(2) = %o (13)

In the proof of this theorem, the control u will be constructed with con-
sideration of the control v in order to shorten the game time as much as pos-
sible. In the construction of the control u(t) at the instant t, we shall use the
value of z(t) at the same instant and the control v(s) on the interval t<s<<t+e,
where € is an arbitrarily small positive number (cf. [2]).

Proof: We shall assume that the control v(t) is defined on the interval
0<<t<e Letu(t) denote a control (for the moment, arbitrary) defined on the
same interval. When we substitute these equations into equation (1), let us
find its solution z(t) on the interval 0 <<t¢<Ce subject to the initial condition
2(0) = z.. The number T(z(e)) (cf. (13)) is a functional of the function u(t). Be-
low, we shall choose the function u(t) in such a way that the number T(z(e)) is
minimized and we shall show that

T(s) — T(z(e)) >e. (14)

It follows from (11) that, for arbitrary s =>e, we have

WEme(We—e+ { #°par)s § oQarc

cWE—a+ § CPdr— § Co(v—rydr = D(v). (15)
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It should be noted that the last term of formula (15) is defined for all v >
since the function v(v —7r) is defined on the entire interval of integration
T—e<<r<1, because its argument on this interval of integration varies over
the interval [0, e] and the function v(t) is defined on that interval. By our as-
sumption, the point . —n(r) belongs to the left-hand member of the inclusion
relationship (15) when * =% Let <<% denote the\smallest value of Tfor which
the point —n(z) belongs to the last member of (15), namely the set D(z). Then,
there exists a function u(t) =P, for 0<<t<<e, such that the point —e* %z belongs
to the set W(x1 — ¢) under the condition that

5 =eCs+ Se’c(u(a—s)—u(e—s))ds. (16)

Since obviously z = z(e), this proves the assertion.
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